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In a very recent paper, Xiao et al. [38] posed the question of whether one can construct 28 rate equations which describe rate-independent elastic-plastic behavior, so that it's 29 essential features, namely the yield criterion and the loading-unloading irreversibility, 30
would not be introduced as extrinsic restrictive conditions, but instead will be derived 31 directly by these equations. In the course of their analysis, Xiao et al. [38] , derived a 32 material model which had the ability of simulating several patterns of the real behavior 33 of metals. These patterns comprised -but were not limited to -the prediction of plastic 34 (irreversible) deformations at any stress level no matter how small the latter may be, and 35 a continuous stress-deformation curve at the point of elastic-plastic transition. (For an  36 alternative way of predicting a continuous stress-deformation curve where emphasis is 37 placed in rate-dependent response see the recent works by Hollenstein et al. [11] and 38
Jabareen [12]). 39
Our motivation for this paper is to provide deeper insights into the answer of the 40 question posed by Xiao et al. in [38] . More specifically, in this work, on the basis of 41 some ideas which go back to the classic paper by Lubliner [16] -see also Lubliner in 42 [17,18] -we discuss a purely mathematical approach to elastic-plastic behavior, in 43 which the basic ingredients of plasticity theory follow upon studying the properties of a 44 suitably formulated differential equation. Within this context we pay special attention to 45 a rather old concept, which has passed largely unnoticed within the literature of 46 plasticity, namely the concept of the quasi-yield surface. 47 basic concepts of plasticity such as the loading rate, the elastic domain and the yield 54 surface are also discussed within this framework. In Section 3, we deal with the 55 particular case in which the basic equation is formulated in a way such as the elastic 56 domain is degenerated to its boundary to form a surface; this surface is the 57 aforementioned quasi-yield surface (Lubliner [18, 19] ). In Section 4, we provide 58 additional insights to the quasi-yield surface concept upon introducing a material model. 59 
Elastic and plastic processes; elastic range and domain 65 66
As a starting point we assume a homogeneous body undergoing finite deformation whose 67 reference configuration -with points labeled by X -occupies a region B in the ambient 68 space
. 
where T B X and T Ω x stand for the tangent spaces at B ∈ X and , ∈ Ω x respectively. 75
If one assumes a referential description of the dynamical processes, the local 76 mechanical state over the material point X can be determined by the second Piola-77
Kirchhoff stress tensor S and the internal variable vector .
Q We assume that the state 78 (configuration) space S over the point X forms a local (6 )-
where Q is the number of independent components of Q -with points denoted by ( , ).
S Q 80
A local process (at )
X is defined as a curve in S, that is as a mapping 81
where I is the time interval of interest. The direction and the speed of the process are 83 determined by the tangent vector : 
where A is a tensor field and : S T S * → Λ Λ Λ Λ is a one-form, so that Eq. (4) can be expressed 100 as 101 
where dS is an infinitesimal stress increment which can be interpreted as a one-form in 118
S. In view of this definition, the quasi-static range can be determined as the union of the 119 submanifolds 1 Q and 2 Q of S, which are defined as 120
where it is implied that the point ( , ) 
As a first step, we disregard the 
.
The submanifold ( , ) . where the elastic range is considered as a primary concept and the rate-equations are 169 specified afterwards by imposing some regularity requirements and the rate-170 independence property. In this sense, the present approach resembles the general internal 171 variable approach to material irreversible behavior discussed in Lubliner [16] . 172 173 REMARK 2: It is stressed that Eq. (5), although is adequate to define the quasi-static 174 range, it cannot define the elastic range unless a further assumption is made, that is a 175 while its boundary is defined to be the yield surface. Note that unlike the elastic range, 196 which by definition is path connected and hence connected, the elastic domain can be a 197 and r is the (scalar invariant) loading rate in the 225
is the (spatial) expression for the 226 loading surface. In component form, the push-forward operation for the arbitrary tensor 227 Q reads 228 which enforces the rate-dependent characteristics of the material. In general, the function 285 L has to be determined in a manner such that for static and quasi-static rates the response 286 
. ( , , ) :
where E is the internal energy density function, can be associated with a Lagrangian L in 324 S, which can be expressed solely in terms of S and , S & that is 325 and K is a model parameter designating (isotropic) hardening. 375
The evolution of plastic flow is considered to be normal to the loading surfaces as per 376 1 1 ( , , , ) ( ) , i.e., ( ) ( , , , ) ,
where the function λ is assumed to be an isotropic function in all its arguments, so that In order to close the model equations it remains to determine the form of the function 396 λ but before we address this issue, we present several ideas underlying its importance. The results are shown in Fig. 1 and Fig. 2 (1 ) , design of metal sheets in forming processes. This phenomenon appears alike in a (two-499 sided) tension-compression test (see Fig. 4 ). 500
As a second simulation we study the (low cycle) fatigue behavior at low stress levels 501 (see Fig. 5 ). For this purpose we perform a loading-unloading-reloading test at a small 502 stress level, by selecting a value for R (R=30), such as the reloading curve convergences 503 to the corresponding loading curve. Next, we perform a loading-unloading test, but now 504 the specimen is subjected to a cyclic loading with stress amplitude equal to the stress 505 level where the (first) unloading began. Upon referring to the results of Fig. 5, we note  506 the ability of the model in predicting (real) material behavior, which consists of the 507 appearance of residual strains -apparently plastic -and accumulation of plastic work. 508
Moreover, due to the material fatigue, permanent softening phenomena appear in a rather 509 profound manner. 510 The basic impact of this paper relies crucially in providing deeper insights into the 531 quasi-yield surface concept in plasticity theory. In particular in this paper: 532 
